ON THE DISTRIBUTION OF NONTRIVIAL ZEROS OF THE 
RIEMANN ZETA FUNCTION 



SHAN-GUANG TAN 

Abstract. The distribution of nontrivial zeros of the Riemann zeta function 
■ was investigated in this paper. First, a curve integral of the Riemann zeta 

function f (s) was formed, which is along a horizontal line from s to 1 — S 
which are two nontrivial zeros of C^(s) and symmetric about the vertical line 
(T = ^- Next, the result of the curve integral was derived and proved equal 
to zero. Then, by proving a lemma of central dissymmetry of the Riemann 
zeta function two nontrivial zeros s and 1 — s were proved being a same 

zero or satisfying s = 1 — s. Hence, nontrivial zeros of ^(s) all have real part 



Part 1. On the distribution of nontrivial zeros of the Riemann zeta 
function by using the series representation of ({s) 

INTRODUCTION 

It is well known that the Riemann zeta function C(s) of a complex variable 
s a + it is defined by 

n=l 

for the real part fH(s) > 1 and its analytic continuation in the half plane cr > is 



(0.1) c(.'^) = y - - ^ - In-^ + s r '^^dx 

n—l 

for any integer > 1 and $H(s) > 0[8-10]. It extends to an analytic function in the 
whole complex plane except for having a simple pole at s = 1. Trivially, C,{—2n) = 
for all positive integers. All other zeros of the Riemann zeta functions are called 
its nontrivial zeros[l-10]. 

The Riemann hypothesis states that nontrivial zeros of C,{s) all have real part 
^{s) = \. 

The investigation of the distribution of nontrivial zeros of the Riemann zeta 
function in this paper includes several parts. First, a curve integral of the Riemann 
zeta function C(s) was formed, which is along a horizontal line from s to 1 — s which 
are two nontrivial zeros of C(s) and symmetric about the vertical line cr = ^. Next, 
the result of the curve integral was derived and proved equal to zero. Then, by 
proving a lemma of central dissymmetry of the Riemann zeta function C,{s), two 
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nontrivial zeros s and 1 — s were proved being a same zero or satisfying s — 1 — s. 
Hence, nontrivial zeros of ({s) all have real part ?l(s) = 5- 

The distribution of nontrivial zeros of the Riemann zeta function was also inves- 
tigated in the author's another paper by using another representation of Formula 
(|0.ip (See representation (2.1.5) on page 14 of the reference book[8]) 

(0.2) C(s) = s ^^^rf^, < a < 1. 



1. Curve integral 

The Riemann zeta function C(s) defined in Formula (jO.ip is analytic in a simply 
connected complex region D. According to the Cauchy theorem, suppose that C is 
any simple closed curve in D, then, there is 

(1.1) <j> C{s)ds = Q. 

According to the theory of the Riemann zeta function[8-10], nontrivial zeros 
of C(s) are symmetric about the vertical line cr = i. When a complex number 
■So = f + ito is a nontrivial zero of C('S), the complex number 1 — + it^ = \ — sq 
is also a nontrivial zero of C,{s), and there must be C,{sq) = and C(l — so) — 0. 

Let consider the curve integral of C,{s) along a horizontal line from sq to 1 — sq 
as following 

(1.2) [ \{s)ds = F {1 - s^) -F [so) for 0<aQ<\ 

J so ^ 

where F{s) is the primitive function of C('S)- 

By using Formula (|0.ip . Equation (|1.2p can be written as 

(1-3) F(l - so) - F(so) = / " C(s)ds 

t^Jso ri^ J so 

1 /■^"'° , f^^'" 1~ {^} 

rS+l 



N~''ds+ I s I ^ ^'7' dxds. 



1.1. Integral I. The first integral on the right hand side of Equation (|1.3p can be 

estimated as follows: 

rfcr < / da = . 

1 - cr J^^ fTo CTo log A* 

Thus, we have 

(1.4 > / —ds\< . 
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1.2. Integral II. The second integral on the right hand side of Equation ()1.3p is 

ds = -- + , -/ rrrds 



so log7Vl-s'^» logA^^ (l-s) 



logTVl-s'^" log'7V(l-s)2'^° log' NJso 

i'l log™ (1 - s)™ ^ log*^ N Js, (1 - ■ 



In the notice of C{so) — and C(l — sq) = 0, by using Formula (10. ip . there are 
^ n^o 1 - So 2 Jj^ x^+'"> 

n—1 

and 



^ni-^'o So 2 ^ 'Jn x^-"^" 



Thus, we have 



|l-so _ l! 



(1 - s)'" (1 - So)'" sg^ 



7 ^-^ — - -N-'" + so r ^-J^dx] 

^ ^ n—1 



1 A 1 1 1 1, N-'« N-'-^-^«K 



-T- ^ V- 



(1 - so)™-i ^ n^o sn'"^ ^ n^~'° 2^(1- so)'"-i s'""^ 

^ ' n—1 n—1 ' '■f 



so ri-{^}, i-s"o r^-w 



dx T- / -^-t; — - — dx 



U So) Jn X So Jn 

and 

.1-0^ ii. jrn-iy 1 f 1 1^1. 

^ ' 1-s ^ log™7V ^(l-so)'"-! ^ n«o s™"'^«i-^"°^ 

^0 m— 1 i-' \ / n—1 ^ n—1 

l^(m-l)! A^-^° Ar-(i-so) 
"2 "bi^kl-^o)"-^ " sT"' 

if- ("^-i)! r 50 r ^-w ^, 1-5-0 ri^dd 

log"iV ^(l-so)™-iL xi+«o «^ s-™-i L a;2--c ''''J 
M! /■^""o N^~' 

1.3. Integral III. The third integral on the right hand side of Equation (|1.3p is 

l-so 1 _ 1 1 1 

N-'^ds = N-''\l-'° = ( ) 

logiV log N^N'« m-'^o' 
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1.4. Integral results. Thus, we get 

r-l-SO ^ /-I-SO 



F{l-so)-F{so)= as)ds = Y. - 

J So Tl=1^0 

"EE ^ ^ 111 



' ^ log™ A/' ^ (1 - so)™"^ ri«o sJP"^ ^ 

1 m— 1 \ / u 

1 ^ (to - 1)! N-'° _ 7V-(i-«"o) 
+ 2 log™iV ^(l-so)™-! ~ s^-i ^ 

M! Z"^"*" TV^"'* 



and 



where 



log" A' 7,. (1 -»)*'+■ 



= /i(Ar, M) + f2{N, M) + h{N, M) + U{N, M) 

\F{1 - so) - F{so)\ = \f'° Q{s)ds\ 
< \h{N,M)\ + \f2{N,M)\ + \fs{N,M)\ + \f4{N,M)\ 



^ ^ log^iV 71 - so)™-i n^o sr-^ni-«o^' 

9 1no-A/'^ 



21ogA^^ ^,log™-^7Vs^ 



(to, -1)! 1 111 



2 ^ \og^ N '(1- so)"'-'^ N^o s^-^ N^-^o" 

771=2 u \ / U 

(1.8) A,«.M)=-f f^—i^ri^.. 



log"* A/- (1 - so)"-^ Jn a;i+^o 

^ (m-l)!l-so /-"" i-W , 
log" TV 7^ --2-- 



2.2-so 
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2. Estimations of integral results 

Let estimate |/i(iV, M)|,|/2(7V, M)|,|/3(A^, M)| and |/4(A^,M)| for a given com- 
plex number sq with |so| > 1 and a given small plus value e. 

2.1. Estimation of Stirling's formula. Based upon the Stirling's formula 

n\ = \/2^(-)"eT55r,0 < 6* < 1, 

e 

let define a function a) = ^ which satisfies 

(2.1) $(n,Q) = — = V2^(— )"e^,O<0<l 

a" ea 

and 



(2.2) y/2Tvn{ — Y < $(n, a) < V27rri(— )"e. 

ea ea 

Therefore, we obtain 



*(^'") = ^<^M^ for M<a, 

, M! V2^ 
^(^'") = ZJvr< ^7m^ for M < ea 



where c = log ^ > and 



Ml 



$(M, a) = ^ > V2nM for M > ea. 
a"^ 

Thus, when M — )• oo, we have 



(2.3) lim $(M,a)< lim ^^J^ = 0, 

M<a-)-oo M^-oo e-'^-l 



(2.4) lim M$(M,a)< lim l^^M^=o 

^ ' M<a->-oo V > ; - gM-1 

and for logiV < M, 6 = 1 - > 0, 



, , , , V2TrMN V2ttM 

(2.5) lim iV$(M,a)< lim ji—i— = 1™ ... , = 0, 

(2.6) lim A/^M$(M,q)< lim jr—, = lim -!— j^— — = 

and for c = log ^ > 

(2.7) lim $(M,a)< lim ^^J^ = 0, 

V27rMM 

(2.8) lim M^(M,a)< lim „^ , =0 

^ ' M<ea->-oo ^ ' / - j^^^^ gcM-1 

and 

(2.9) lim $(M,a)> lim v'27rM = oo. 

M>ea—>-oo M— >-oo 
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2.2. Estimation of |/4(iV, M)|. It is obvious tliat we can find a number A^4 so 
that when N > N4, there is 



\U{N,M)\ = \ s :L_A_Ldxds\<- 



2.3. Estimation of 1/2 (TV, M) I . Since there is 



m=2 ^ ^' "0 



Is 



(m-1)! 1 1 1 1 



< 



^2^2 log^iV '|1 - Sol™-! iV<^« ' Iso^-i iVi-<^o' 
(m-1)! 1 |so| >^ $(m,|..o|logAO 



m=2 ° I "I m=2 

we can find a number N2 so that when N > N2 and M < e\so\ logN, there is 
S t < Mm*(M,|..|1o.«) < '-. 

m=2 

2.4. Estimation of 1/3 (iV,M) I . Since there is 

log- TV 5^-1 x2--o I 

iog"7v ^i(i-so)— I'y^v ' ^^+^° ' s^-i'y^v ' x^--^o I^^J 

-'^^ iog™iv kor-iy^ ' xi+«-o i"'"^' 

we can find a number A^3 so that when N > N3 and M < e\so\ logiV, there is 

i/.(iv,M)i<2i:''";';'|'7''°| fii^i-ix 



<2|.„||l-5„|V*""'l'"l-^"' fii^' 



|(ix 



< 2|so||l - so|M$(M, |so| logTV) / 1 ^ < T- 
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2.5. Estimation of |/i(iV, Af)|. 

Lemma 2.1. For sq 7^ 1 — sq and M > e|l — sqI log a function 

^ ^ (m-l)! 1 1 1 1 

^ ^ log™ N ^(1- So)"-! n^'o s?^-! ni-'^o ^ 

n— 1 m— 1 \ / u 

is not equal to zero except at most a number M so that there is 

,^1 .,^^1 ^ |1 " *o| log A^) (1 - so)""^ n""' So 

Proof. By Equation (jl.Sp . we have 



2^^^ log^TV ^(l-,so)"-i 5™ 

/•°° l-W , l-SQ 



and 

g{N,M + l)~g[N,M) ' ' 



A/ 



2log*^+i7V^(l-so)^^ 

M\ so r i^w , _ 1^ r w , , 

log^'^+i7V^(l-.so)*^^ 4' A 

The last equation yields 

\giN,M + l)-g{N,M)\ ^ 1 _ . 1^.m^-(i-.„)| 

$(Af,|l-so|logiV) '2^'' ^ so ' ^ 



r i-i^dx - (1 - rso){^-^r r ^^dx] 



■ ' " - (1 - so) r '^^dx] 



^2 Vat 

;i^ni-.-o) rM,d^~so r4^rf.i 

So Jat a;^ ^0 Jat x^+^f 

^ So 2; '^o X'^o X 



where since a; is a real variable 

^M^_^ _ ^ ^ for a; > iV. 



■ 1-so.m1-so So 



So 
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Similarly, for r = 1, 2, • • • , we have 

r 

|g(7V, Af + r) - g(N, M)\ = \ ^[g(iV, M + i) - g{N, M + z - 1)]| 



i=i 



$(Af + so\logN) l~ So 1 - So _ W^^i / Q 

2—1 

where since x is a real variable 

V ^(^ + ^Jl-^oUog^)[(l^)M+.l_jo _ i^L] ^ f or . > ^. 

logA^ So a;i-^o a;*o ^ ~ 

z— 1 

Thus, for any big positive numbers N and M > e|l — so| logiV, we obtain 
g{N, M + r)^ g{N, M) for r = 1, 2, • • • . 
The inequality means M) ^ except at most a number Af , then we have 

^ (m-1)!^ 1 1 111, 



log™7V ^(1 - so)"'-i n^'o s™"^ ni-'^o"" 
The last inequality yields 

J so 1 ~ S 1 - S 

. I 1 $(m,|l~so|logjV) |l-so|- 1 _ .l-^o.„,^i 1 

';^^^^m$(Af, |l-so|logAr) (l-so)'"-i^n«o ^ so ni-^"^'' 

The proof of the lemma is completed. 

Now, let estimate |/i(A^, Af)|. As defined by Formula (|1.6p . there is 

_^ ^ (m-1)! 1 1 1 1 

log™ TV 71 - so)"-i n«o s™-ini-5o^'' 

n— 1 m — 1 <-> \ / y 

By equations (|1.6p and (|2.3p for log < Af < |so| log — > oo, we have 
^ ^ (m- 1)! 1 1 1 iv/"'"'^! 

n— 1 m— 1 cj v y tj 



where when sq 7^ 1 — Sq, there are 
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and 



M! f^'"' N^-'' , ^4^{m-l)l, 1 1 1 1 



log^ N J so (1 - ^1 log"' (1 - so)™-i n'^o n^^o - 

Jao 1-S ^ ^^To ^ ^ 

" II n— 1 m— 1 

< *(M, |«| log + = 

where by equations p.4ll2.6p and for log < M < \so \ \ogN oo 



and 



lim iV^"''"$(A/, |so|logA^) =0 

M->oo 



lim N^-''«M<^>{M,\so\logN) =0. 

M^oo 



On the other hand, by Equation ()2.9p for M > e\l — sq \ log — >■ cx), we have 

M! /■^"^'' TVi"" 

|/i(A^,M)| > I- 



^ ^ log"'iV ^(1 - so)""^ n'^" s™-ini-5o^' 

n— 1 m— 1 V y u 



/•l — So I "I _ o I J\T(7{) — S 

> $(M, |1 - sol logiV)iVi-'^ni / 

|1 - So\ 1 $(m, |l-So|logA^) |l-So| 1 _ . l-50 y„-i 1 . 

]Vi-<^o TO$(Af, |l-so|logA^)M-so So ' ni-^o^ 

1 ^ /■^"^° ds 



ci>(Af,|l-so|logiV)iVi 
$(Af, |1 - .ol logiV)iV^-'^1 r^\^.^-^f''^ds 



jVi-'^o m$(Af, |l-so|logiV) 1-so so ni-^o^'- 

n— 1 m— 1 \ ^ I I / 

where by Lemma (|2.ip for sq ^ 1 — 

|l__so| A A 1 $(to, |l-so|logA^) Jl-gok „^-ir 1 . l-gO s„,-i 1 11 Q 

^i-<To A^^^A. |l-so|logiV)^ 1-so n'^" So ni-^o^' 

and by equations (jl.4p and (j2.9p 



$(M,|l-so|logiV)'^^^ - $(M,|l-so|logAr) aologA^ 
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Thus, for \ogN < M < |so| fog — > oo we have 

^ ^ (m-1)! 1 1 1 1 

log"" N ^ (1 ~ so)""-^ n'o s™-ini-^"oJI 

n=lm=l 6 V oq 

and for M > e|l — so| fog — >■ cx) we have 

^ f^~'° ds M\ r^-"" N^-" 

^ ^ (m-1)! 1 1 1 I 

n— 1 m— 1 'J V / u 

Therefore, when |so| fog < ill < e|l — sq\ fogiV, some numbers M can satisfy 
e ^ fi""" ds Ml f^-^" N^-' 

+ f f (m^ I J_ _ ^ I < e 

n=l m—1 w \ / u 

Furthermore, since hm^v-^oo fiiN,M) shoufo exist, we can find a number A'^i so 
that when N > Ni and |so| fog < M < e|l - so| fog A^, there is 

_^ ^ (m-l)! 1 1 1 ^ ^ 6 

fog™ A^ 71 - so)""^ s™-! ni-^"^' - 4' 

3. Lemma of central dissymmetry of C(s) 

Lemma 3.1. The Riemann zeta function C(s) = u{a, t) + w(cr, t) is central unsym- 
metrical for the variable a in the open region (ctq, 1 — ctq) about the point (cr = i, to) 
along a horizontal line t ^ t^ from Sq to \ — Sq except for the zeros of C,{s) = 0. 
This means that the following two equations 

(3.1) u(cr, to) + ^t(l — o", to) = and v{a, to) + v{l — a, to) = 

do not hold. 



Proof. Based upon Expression (|0.ip . fot write 

^ 1 N^-' 1 f°"h~{x} 



1 N 1 /"^ - — {x} 

^ 1 

"(cr.O = E — cos(tfogn) 



n=l 



iVi-'^ 1 

-[(1 - cr)cos(tfog A^) + tsm(tfogA^)]- pr - -Af-''cos(tfogA') 

|1 — 2 



ON THE DISTRIBUTION OF NONTRIVIAL ZEROS OF RIEMANN ZETA FUNCTION 11 

roo 1 r^i poo 1 



+a [ ^ ^} ^ cos (t log x)dx + t [ ^ , } ^ sin(tlogx)dx 

w 1 

v{a,t) = — —sin{t\ogn) 



and 



Tl=l 

N'^~°' 1 

+[(1 - o-)sm(i log A/') - tcos{tlogN)]-- + -N'^sinitlogN) 

|1 — s| 2 

/•^ i - {x} r°° I - {x} 
+t / -2—— cos(i log a;)(ia; — a / ^— r- sm(f loffa;)da; 



= w(l — tT, t) + ZW(1 — CT, i). 



where 

N 



u{l - a,t) = ^ ^^cos(i log n) 

n=l 

(7cos(aogiV) +tsm(HogiV)]- — -2 - -N-^^-^^cositlogN) 



+ (1 — (j) / -2-— CO s(t log x) dx + t / ^-^5 sin(tlogx)dx 

N 



v{l -a,t) = ~^ —^sin{tlogn) 



n=l 



N'^ 1 

+ [asin{t\ogN) - tcos{t\ogN)\- + -N-^'^-"^ sin{t\ogN) 

|1 — s| 2 

+t [ ^ ^ cos(t log x)dx — (1 — a) [ ^ ^ sin(t log x)dx 

By comparing u(cr, t) with —u{l — cr, t) and v{(j, t) with — «(! — ct, f), it is obvious 
that the following two equations 

u{a,t) = —u{l — a,t) 

and 

v{a,t) = -77(1 - a,t) 
do not hold or the following two equations 

u{a,t)+u{l -a,t) = 

and 

v{a,t)+v{l -a,t) = 

do not hold. 

The proof of the lemma is completed. □ 
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4. Proof of the Riemann hypothesis 

Theorem 4.1. The nontrivial zeros of the Riemann zeta function all have 
real part 5H(s) = 5. 

Proof. Based upon the analysis and estimations of the curve integral (jl.3p in above 
sections, for a given small value e, we can find a number TV^ so that when N > N^^ 
and |so| log < M < e\so\ logiV and |so| > 1, there is 

\F{l~-so)^F{so)\ = \ f ^\{s)ds\ 

J So 

< \fi{N,M)\ + \f2{N,M)\ + \f3{N,M)\ + \f^{N,M)\<e. 
Because e is arbitrarily small, we can get 

lim - So) - F{sq)\ = lim I / C{s)ds\ = 0. 

bmce the integral | '"((5)^51 is a determined value and independent of the 
number M or the value j^^j^ for any integer iV > 1, thus, the curve integral (I1.3P 
becomes 

/•I — So /"l^^o 

(4.1) \ ({s)ds\^\ [u{a,to)+iv{a,to)]da\=Q 

J So J ao 

for I So I > 1, where 

C(s) — u{a, t) + iw(cr, t). 

Since the curve integral is only dependent of the start and end points of the 
curve, therefore, at least one of some equations has to be satisfied. These equations 
are 

Sq = 1 - So 

which means that can be determined by so = 1 — so since 

"1 — So fSa 

({s)ds = / C{s)ds = 0, 

J So 

u(f7,to) = 
which means that do can be determined by 

»1 — So rl-cTo 

C{s)ds = i / v{a,to)da = ifv(cra) = 0, 

'So Jag 

v{a,to) = 
which means that ao can be determined by 

fl — So /-l — (To 

C(s)ds = / u(o-,to)dcr = /n(CTo) = 0, 

'So ■Jao 

u{a,to) = v{a,tQ) 
which means that do can be determined by 

I /■! — Co 

C{s)ds = {l + i) / u{a,to)da = {l+i)fu{ao) = 0, 

J ao 

u{a, to) + w(l — (T, to) = 
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which means that do can be determined by 

r-l-cro /■1/2 

u{a,t^)da — 1 [u{a,tfi) + u{\ — a,t^))]da = Q 

I da J (70 

and 

fl — so /-l — (TO 

C{s)ds = i / v{a,to)d(T = ifv{ao) = 0, 

'So J (70 

and 

v{a,to) + v{l - a, to) = 
which means that (Tq can be determined by 

»l-CTo pl/2 

v{a,to)d(T ^ / [v{a,to) + v{l — a,tQ)]d(T = 

/ (To J (70 

and 

({s)ds = / u{a,to)da ^ fuiao) ^ 

J (70 

along a horizontal line t ~ from sq to 1 — sq because of the continuity of the 
Riemann zeta function C,{s), which means that C,{s) must be central symmetric 
about the point a — ^ on the horizontal line. 

First, u(cr, ^o) and u((T, io) are not always equal to zero along a horizontal line 
from s to 1 — s. 

Next, it is obvious that there is 

u{a,to) ^ v{a,tQ). 
Thirdly, by Lemma p.ip . the following two equations 

m(ct, to) + "(1 — cr, ^o) = 

and 

v{a,to) + v{l - a, to) = 
do not hold for a fixed value t = tg- Thus, there is no value of ctq in the region 
< <To < 1 except for <7o = \, which satisfies a group of two different equations 

pi — (70 

fu{cro) ^ / u{a,to)da = 

J (70 

and 

i-l — ao 

fvi^a) = / v{a,to)da = 0. 

J (70 

When equations u{a,to) = 0, v(a,to) = 0, u{a,to) = v{a,to), u{a,to) + u(l — 
a, to) = and v{a, to) + v{l — a,to) =0 are not satisfied, the remained equation 

So = 1 - So 
must be satisfied, that is, there must be 

Ctq + iio = 1 ^ o'o + *^o- 

By this equation, we get 

1 

Since so is any nontrivial zero of the Riemann zeta function (^{s), there must be 

^, , 1 
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for any nontrivial zero of the Riemann zeta function ^(s) and for |so| > 1- 

For the hmited region |so| < 1, where s in the region {ctq < cr < I — aQ,t = 
to}, we can calculate nontrivial zeros of the Riemann zeta function (^(s) to verify 
whether they have real part $H(s) = ^. Actually, computations of nontrivial zeros 
of have been made in a region [—T,T] for their imaginary parts, where T = 
5 X 10^. Results of these computations show that nontrivial zeros of the Riemann 
zeta function ((s) in the region [~T,T] have real part ?l(s) = ^. The Riemann 
hypothesis was computationally tested and found to be true for the first zeros 
by Brent et al. (1982), covering zeros in the region < i < 81702130.19. A 
computation made by Gourdon (2004) verifies that the Riemann hypothesis is true 
at least for all less than 2.4 trillion. 

This completes the proof of the theorem and the Riemann hypothesis is proved. 

□ 
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Part 2. On the distribution of nontrivial zeros of the Riemann zeta 
function by using the integral representation of C,{s) 

5. INTRODUCTION 

It is well known that the Riemann zeta function C(s) of a complex variable 
s = a + it is defined by 

oo 
n—1 

for the real part fH(s) > 1 and its analytic continuation in the critical strip < cr < 1 
is proved as following (See representation (2.1.5) on page 14 of the reference book[l]) 

(5.1) C(s)=W l^i-fdx,0<a<l. 

Jo X 
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It extends to an analytic function in the whole complex plane except for having a 
simple pole at s = 1. Trivially, C(— 2ri) = for all positive integers. All other zeros 
of the Riemann zeta functions are called its nontrivial zeros [1-6]. 

The Riemann hypothesis states that nontrivial zeros of a-U have real part 

The investigation of the distribution of nontrivial zeros of the Riemann zeta 
function in this paper includes several parts. First, a curve integral of the Riemann 
zeta function ^(s) was formed, which is along a horizontal line from s to 1 — s which 
are two nontrivial zeros of ^(s) and symmetric about the vertical line a — ^. Next, 
the result of the curve integral was derived and proved equal to zero. Then, by 
proving a lemma of central dissymmetry of the Riemann zeta function C{s), two 
nontrivial zeros s and 1 — s were proved being a same zero or satisfying s — 1 — s. 
Hence, nontrivial zeros of ({s) all have real part ?l(s) = ^• 

The distribution of nontrivial zeros of the Riemann zeta function was also inves- 
tigated in the author's another paper by using another representation of Formula 

(nj[i-3i 

for any integer > 1 and 9l(s) > 0. 



6. Curve integral 

The Riemann zeta function C(s) defined in Formula ()5.1|) is analytic in a simply 
connected complex region D. According to the Cauchy theorem, suppose that C is 
any simple closed curve in D, then, there is 

(6.1) (j) C{s)ds = 0. 

According to the theory of the Riemann zeta function[l-3], the nontrivial zeros 
of C(s) are symmetric about the vertical line a = When a complex number 
So ^ <^o + ito is a nontrivial zero of C('S), the complex number 1 — ao + Uq = I — sq 
is also a nontrivial zero of C(s), and there must be C(so) = and C(l — sq) = 0. 

Since C(so) = and ^(1 — sq) = 0, by using Formula (|5.1I) and denoting 







there are 







3.2) C(so) = SQ I ^i+so so7]{so) = 







and 



(6.3) C(l - ^o) = (1 - so) I ^r^dx = (1 - so)ry(l - ,so) = 0. 
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Let consider the curve integral of ^(s) along a horizontal line t = to the region 
< cr < 1 from So to 1 — so as following 

(6.4) / Cis)ds = Z{1 - so) - Z{so) f or < ao < - 

Jso ^ 

where Z{s) is the primitive function of C{s). 

By using Formula (|5.ip . Equation (|6.4p can be written as 

(6.5) Z{1 - so) - Z(so) = / C(s)rfs = / s / IJ— dxds. 

Jso "'so "'0 ^ 

The integral on the right hand side of Equation (|6.5p is 

s / — ^^-^ axds = / srj[s)as 

so JO Jso 

where by using equations (|6.2ll6.3p . there is 

Then, by denoting 

F'{x) = f{x) = r for < a; < 1, 

G{x) — —{[n + x] — {n + x)) log(n + x) — xlog{n + x) for < a; < 1, 
we have 

s(n + 2:)* n + x 



Since there is 



/ U-^loga;dx = ^ / fix)G{x)d. 

JO X ^^nJO 



n=0 ' 
oo „i 



^F(x)G(x)|J-^ / F(x)G'(x)d: 



n=0 n=0' 

by substituting F{x), G{x) and G'(x) into the equation, we have 

x\~x^ , ^ a;log(n + x) ,1 ■r^ , x log(n + a::),, 



n x^'+i s(n + x)^ r,Jo sin + xY+'^ sin ^- x) 

' n—O ^ ' n— w V ^ ^ ' 

1 ^ log(n + l) \ (^\x\-x ^ 1, . /■ 

= - hni > — — ^ + - / -^—T-dx - - hm / 

SN^oo^ (n+1)* S Jo ^ SN^ooJq 



s Jq x^+^ s n^oo -^-^ s N^oo Jq x" 

Integrating the last integral on the right hand side of the equation, we have 
''^ogx^^ 1 , 1 r 1 



dx^- {x' "loga;)!^;-- / —dec 

1 — S L — S In X 
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l-s''^ 

1 ... 1 



-[(log:r--— 



° l-s' 

Therefore, we have 



^X]-X ^ ^ 1 f^-'° 2 f°° [x] - X 

—;—axds — — s n- 



so "'0 



s / in~d.xds — — / s / --r— log xdxds 



n=l 



^ lini [(logx--^)xi-1|^}ds 



1 — S N^oo 1 — S 

dxds ~\ — hm / s — - — ds 



-- hm / (logiV-- )N^-^]ds. 

By arranging the equation, we have 

"1 — So /"l — Sq /"CO 



(6.6) / ({s)ds^ I si l^L^dxds = jim A(so,^) 

J sq J So Jq ^ 

where 



l-SQ 1 /-l-so 1 

A{so,N)= ,J2l^ds- ^(logN--^)N'-^ds. 

J so " J so l-s 

Since the left hand side of Eq. (|6.6p is the integral of an analytic function in the 
field of its definition and with a finite value, the limit on the right hand side of the 
equation must exist and equal to the finite value. 

By integrating the integrals in A(so, N), we have 

'0 n=l n=l n=l *o 

and 

/ (logTV )N^-''ds = - )N^-nogNds 

7so l-s l-s 7so l-s 

/•l-so 1 1 



^N^l-s|l-s-o 1 1 

1 — So jyl — s 2^ ("1 — So 2 



1 — s log A* 1 — s (1 — s)^ ' 



(1 - .)2 + log TV X„ [ (1 - (1 - ,)3 l^'"''^^- 

Since there is 

l-SO ^l-S II I /-l-SQ 2 
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by arranging the last equation, we have 

/ (log TV - )N^-^ds = [(1 - ^)N''> - (1 - 



So 1 - So log ^ So 1 - So log N 7,,., (1 - s) 

By integrating the last integral in the above equation, wo got 

Jso 1 - « 1 - So 1 - So 



M 



jV«o _/vi-so (M + 1)! /-i-^" 



„=o lo?^ ^ ~ (1-^0)™+^^ ^ log^+^iV 4 (1 - s)^+2 



Hence, we have 



(6.7) A(so,7V) = V(^-lf4^) + V / ^ + (l^iV---^7Vi--) 
^ ^ V u, ; ^^„so ril-«o^ So 1-so 

^ to! _ iVi-^o (M + 1)! Z"^-^" N^'' ^ 

^ fr'n 108"+' N ~ (1 - so)™+i J ~ log^+1 N L 



:'olog'"+^ iV's^+1 (l-so)™+i^ log^+^AT^ (l-s)^+2 • 

It should be pointed out that although each one of the five terms in A(so,-/V) 
may tend to oo when N oo, limAr^oo A(so,7V) exists and is a finite value. We 
will estimate the finite value of A(so, N) when — >■ oo in next section. 

7. Estimation of A(so, A'') when N ^ oo 
7.1. Estimation of Stirling's formula. Based upon the Stirling's formula 

n\ = V2^(-reT^,0 < (9 < 1, 
e 

let define a function $(n, a) = ^ which satisfies 

(7.1) ^(n,a) = — = V2^(—re^,0<e<l 

a" ea 

and 

(7.2) v&(— )" < 3>(n, a) < V2^( — )"e. 

ea ea 

Therefore, we obtain 



, Ml 

*(^'") = ^<^Mrr for M<a, 

, M! \/2^ 
W«) = ^<^^;Mrr for M<ea 



where c = log ^ > and 



Ml 



$(M, a) = —j^ > V2nM for M > ea. 
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Thus, when M — >■ c», we have 



(7.3) lim $(M,q)< Urn ^-^^ = 0, 



(7.4) hm M^M,a)< lim ^^^^MK = q 

and for log < A/, = 1 - > 0, 

, , , , , , V2^N , 

7.5 lim N<^>(M,a)< lim „ , = lim \„ , ^ 0, 

7.6 lim iVAf$(M, a) < lim = lim ,., , = 

and for c = log jj > 



(7.7) lim $(M,a)< lim ^ 0, 



(7.8) ^ _lim A/$(M,q) < Jim ^^^^^ = 

and 



(7.9) lim $(A/,a)> lim V27rM = oo. 

Af>eQ— >oo M->oo 

7.2. Estimation of sum I. The first sum on the right hand side of Eq. (|6.7p can 

be estimated as 

^ 1 - ^ I I n - I 

n—l n—1 

<2|l-.so| / — <2|l-so| 



X'^o 1 - (To 



Thus, we have 



7.10 <2 1-5o- . 

n— 1 

7.3. Estimation of integral II. The second integral on the right hand side of Eq. 
(|6.7p can be estimated as follows: 

da < dcr = 



^0 1 - (To CTQ log ^ 



Thus, we have 



(7.11) 1^/ -d.|<^' 



,^l^so CTologiV 
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7.4. Estimation of A(so,iV). For |so| > 1 and by equations (HJ]) and (|7.3II7.6|) 

for log < Af + 1 < |so| log TV — > oo, we have 

|A(.o, ^)| > I - ^) + E / ^ + i—^^'' - T^N^-'°)\ 

^ n^o *o ^ Js„ n" so 1 - sq 

n— 1 n— 1 ^ 



^ m! iV^° iVi-^o (M + 1)! /"^-^"o iVi - 



^glog'^+iiV^s^'+i (l-so)'"+iJ log*^+iiv4 

n'o „i so n" so 1 - so 

_| ^(m + l,|so|logA^) ^^^,2ao~i _ (^2_)™+i] 
m+1 1 — So 

m—O 

•i-Sa I I ATSq-s 



<i>(Af + l,|so|logiV) / 
^v^so ni-^'o^ ^Jsn so 1-so ^' " 



71=1 n=l'''^o 

where when so ^ 1 — sq, there are 



I ^^^n'^o nl-'^o ^ ^isn " So 1-so 



and 



y^ $(m+l,|so|logiV) .^,2<To-l _ / So yn+ll 

-$(M + l,|so|log7V) r"{^^)M+i^ds\ 
./»„ 1 - s 1 - s 



^ ^ $(w + l,|so|logjV) . 2^„_i I So 
- ^„ m+1 ^ 1 - So ' ^ 



m—O 





So 


r 


( 


•'so 




/' 


-So 


J So 





|S0| ,M+1^""" 



1 - s ' 1 - s 



■ds| 



< <i>(M + 1, |so| logiV)[M + I / {pL)M+i!l!llds\] = 



• 1 - s ' 1 - s 



where by equations (|7.3ll7.6p 



and 



lim $(Af + l,|so|logA^) = 



lim M$(M + 1, Isol logiV) :=0. 

Af-i-oo 



On the other hand, for |so| > 1 and by equations (|6.7p and (|7.9p for Af + 1 > 
e|l — Sol log TV — >• oo, we have 
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>^M + l,\l~so\logN)N'-''°{\ / da 

1 $(m+ 1,|1 - 5o|logjV) |1 - Sok ^+u. l - gp ^^+1 2<Tn-l „ -111 

^^m + l<i>(A/+l,|l-so|logiV)^ 1-so ^ so ' ^' 

A^-<^-°) if^. so _ 1^. ^ /•^-^"° d£| 
$(Af + 1, |so| logTV) n'-o ni-^o ^i-J^o 

1 l.l-5q^2ao-l^ 50 )|| 



$(M + l,|so|logAr)'' so 1-so' 
= $(Af + 1, |1 - sol log7V)7Vi-'^°| 

Jao 1-5 1-5 

_ 1 $(to + 1, |1 - Sol log TV) |1 - Sol 1 - So „+i^^^^2<To-i _ 111 > 

^^m + l$(M + l,|l-so|logiV)^ 1-so ^ so ^ ^' " 

where when so 7^ 1 — so, there are 

1-5 1-5 

_ 1 ^(m + 1, |1 - Sol log TV) |1 - Sol yn+u A~ 5o ,„,+i^^^^2ao-i _ 111 > 

^^m + l$(Af + l,|l-so|logiV)M-so ^ so ^ ^' ' 

$(M + l,|so|logiV)'^ so 1-so^' 
and by equations (j7.10ll7.1ip 

$(M+l,|so|logiV)';^^^n''« :f^iJso " 

- + l,|so|logiV) '^'^ ~ 1 -CTO ^ crologiV ^ 

^ 1 r 2|l-so| ^ 1 - iV^"°-^ 

$(Af + l,|so|logA^) l-do (TologiV 
Thus, for I So I > 1, we have 



0. 



^1""" ^1-^0^ ;ri"''*o 50 i-so 

" ,to log™+' iV^i^ " (1 - 5o)™+i^ " log*^+i iV 4 (l-s)*^+2 
for Af + 1 < log iV ^ 00 and 

ni--o^ A. ^ so 1-so ^' 
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M 



^ ,n: W-"" (M+1)! r-'" N 



^ ' ,Lo log"+' (1 - ^^0)'"+^^ log"'+' N J so (1 - 

for Af + 1 > e|l - Sol log ^ oo. 

Therefore, in the region log A^<M + l<e|l — sqI log N and for a plus e and for 
I So I > 1, we can find numbers Af, which satisfy 

-e < I y - ^) + E - + i'-^N^" - -^iV--)| 

~ '^i"" n " ^iJso n'' ^ sq 1-sq 

Furthermore, since limjv_j.oo A(so, N) should exist, we can find a number iV^ so 
that when N > and logiV < A/ + 1 < e|l - so| log and |so| > 1, there is 

0< |A(so,Af)| <e. 

Since e can be arbitrarily small, for |so| > 1, we can obtain 

|A(so,iV)|=0. 

Now, the curve integral expressed by Equation (|6.6p can be estimated as 
C(s)ds| = I / s / H-^dxds| = hm |A(so,iV)| = 0. 

'so J so Jo JV^oo 

Since the integral 

C(s)ds| = I / s / i^^J^^dxdsl 



M+1 



J So J 

is a determined value and independent of the numbers N and M or the value y^^^^ , 
thus, for I So I > 1, the curve integral (|6.5p or (|6.6p becomes 

(7.12) 1/ C(s)ds| = |/ s/ i^d:rds|=0. 

J so •'SO Jq 

8. Lemma of central dissymmetry of C{s) 

Lemma 8.1. The Riemann zeta function C(s) — u{a,t) +iv{a,t) is central unsym- 
metrical for the variable a in the open region (cro, 1 — cro) about the point [a = ^,to) 
along a horizontal line t = to from sq to 1 — sq except for the zeros of C{s) = 0. 
This means that the following two equations 

(8.1) u{a, to) + u{l — a, to) = and v(a, to) + v{l — a, to) = 

do not hold. 

Proof. Let define functions 

/ \ f°° \x] — X , 
ric{<rM)^j^ ^T^^d^ 

and 

1 r°° M - X 

Cc(ct, to) = {- + 'y + ito) / dx. 

The function r/c(c, to) can be written as 

Vcicr, to) = u^{a, to) + ivrf{a, to) 
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where 

f°° [x] - X 

Ujj{a,to)= / 3 cos{tologx)dx 

Jo a; 2+'^ 

and 

r°° M _ X 
Vri{cr,to) = — / — 3 sin{to log x)dx. 

Jo X2+"' 

The function Cc(a, to) can be written as 

Ccl^, io) = + cr + ito)ric{(J, to) 

= (i + Cr + ito)[Ur,{(T,to) + iVr,{(T,to)] 

= uq{(7, to) + to) 
where ^ 

UQ{(T,to) = (2 + cr)w^(f^>*o) - tQV,,{(T,to) 

and ^ 

^'C('^'*0) = (2 + 0-)'"rj{o;to) + toU,^{(T,to). 

By comparing Ui^{a,to) with — cr, to) and v,^{a,to) with — ct, to), it is 
obvious that the fohowing two equations 

u^{a,to) = -U(;{-a,to) 

and 

Vc{<^,to) = -Vc;{-<T,to) 

do not hold. 

This means that the functions w^(cr, to) and u^(ct, to) are central unsymmetrical 
for the variable cr in the open region — ^ < tr < i about the point ct = along a 
horizontal line t = to from —do to ctq except for the zeros of C,c{cr,to) = 0. 

Based upon Expression (j5.ip . when s varies along a horizontal line t = to from 
So to 1 — So, there are 

a^) = {cr + zto) ^^dx 



and 



a^-s)^{l~o + ^to) / ^^rfx. 



j,2 — (T+iio 

By denoting cr = i + ct' and substituting it into C(s) and C(l — s), we get 

1 \x\ - X 

a■s) = i^ + -' + ^to)l 4^rfa; = Cc(a',to) 

and 

C(l - 5) = (i - a' + ^to) /°° dx = Cc(-a', to). 

^ Jo X2 <^ +^^0 

Thus, for ({s) 7^ 0, the following two equations 

u((T, to) + u(l — a, to) — U(^{a' , to) + (— cr', to) = 

and 

v{(J,to) + v{l - a, to) = v^{a',ta) + V(;{-<j',to) = 

do not hold. 

The proof of the lemma is completed. □ 
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9. Proof of the Riemann hypothesis 

Theorem 9.1. The nontrivial zeros of the Riemann zeta function all have 
real part 5H(s) = 5. 

Proof. Based upon the analysis of the curve integral (I6.5P or (|6.6I) or (|7.12p in the 
above sections, by denoting 

C(s) = u{(T, t) + iv{a, t), 

we get 

pi — So /•! — (To 

Z{1 - So) - Z{sq) ^ / (^{s)ds = / [u{a,to) + iv{a,to)]da ^ 

J So J (To 

for I So I > 1 and any pair of two different nontrivial zeros of the Riemann zeta 
function C(s), that is, the zeros 1 — sq and sq in the region < a < 1. 

Since the curve integral is only dependent of the start and end points of the 
curve, therefore, at least one of some equations has to be satisfied. These equations 
are 

So = 1 - So 

which means that do can be determined by so = 1 — sq since 

1 — So rso 

({s)ds = / C{s)ds = 0, 

'So •'So 

u{a, to) = 
which means that do can be determined by 

»1 — So rl~cTo 

C{s)ds = i / v{a, to)da = ifv{cro) = 0, 

'So J (Tq 

v{a,to) = 
which means that do can be determined by 

fl — So rl — cro 

C{s)ds ^ / u{a,to)d(T = fu{ao) = 0, 

'So J era 

u(d, to) = v{(7,to) 

which means that do can be determined by 

»l-so rl-cTo 

C{s)ds^{l + i) / u{a,to)da = {l+i)fu{ao)^0, 

'So ■J Co 

u{a, to) + u{l — d, to) = 
which means that do can be determined by 

u{a,to)da = / [u(d, to) + u(l — d, to)]dd = 

J tJo J (To 

and 

pi — So nl — cro 

/ ({s)ds = i v{a,to)da = ify{ao) ^ 0, 

J So J To 

and 

w(d, to) + v{l - a, to) = 
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which means that ao can be determined by 

™l-(TO ^1/2 

v{a,tQ)dcr = / [v{a,to) + v{l ~ a,to)]da = 

J (To J ao 

and 

({s)ds ^ / u{a,to)da = fuiao) = 

J ao 

along a horizontal line t ^ from sg to 1 — sq because of the continuity of the 
Riemann zeta function C,{s), which means that C,{s) must be central symmetric 
about the point ct = ^ on the horizontal line. 

First, u(tT, to) and t;((T, to) are not always equal to zero along a horizontal line 
from s to 1 — s. 

Next, it is obvious that there is w((T, to) 7^ v{<T,tf)). 

Thirdly, by Lemma (|8.ip . the following two equations 



M(cr, to) + u{l — a, to) — 



and 



w(cr,to) + v{\ - (T,to) = 

do not hold for a fixed value t = tp. Thus, there is no value of ao in the region 
< (To < 1 except for ctq — ^, which satisfies a group of the two different equations 

/■l — ao 

fu{oo) ^ j u{a,to)da ^ 

J 170 

and 

i-l — ao 

fv{cro) = / v{(T,to)da = 0. 

J ao 

When the equations u{a, to) = 0, v{a, to) = 0, u{a, to) — v{a, to), u{a, to) +u{l — 
(7, to) = and ?;(i7, to) + v(l — a, to) — are not satisfied, therefore, the remained 
equation 

So = 1 - So 
must be satisfied, that is, there must be 

(7o + ito — 1 — ao + itf). 

By this equation, we obtain 

1 

"° = 2- 

Since so is any nontrivial zero of the Riemann zeta function Q{s), there must be 

for any nontrivial zero of the Riemann zeta function ^(s) and for |so| > 1- 

For the limited region |so| < 1, we can calculate the nontrivial zeros of the Rie- 
mann zeta function Q{s) to verify whether they have real part $H(s) = \. Actually, 
computations of the nontrivial zeros of C(s) have been made in a region [— T, T] 
for their imaginary parts, where T = 5 x 10®. Results of these computations show 
that the nontrivial zeros of the Riemann zeta function ^(s) in the region [— T, T] 
have real part 9^(s) = j. The Riemann hypothesis was computationally tested and 
found to be true for the first zeros by Brent et al. (1982), covering zeros in the 
region < t < 81702130.19. A computation made by Gourdon (2004) verifies that 
the Riemann hypothesis is true at least for all less than 2.4 trillion. 
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This completes the proof of the theorem and the Riemann hypothesis is proved. 

□ 
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